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Abstract. We consider the synchronization of two self-excited double
pendula. We show that such pendula hanging on the same beam can
have four different synchronous configurations. Our approximate ana-
lytical analysis allows us to derive the synchronization conditions and
explain the observed types of synchronization. We consider an energy
balance in the system and describe how the energy is transferred be-
tween the pendula via the oscillating beam, allowing thus the pendula
synchronization. Changes and stability ranges of the obtained solutions
with increasing and decreasing masses of the pendula are shown using
path-following.
1 Introduction
Synchronization is commonly observed to occur among oscillators [1,2,3,4,5]. It is
a process where two or more systems interact with one another and come to oscil-
late together. Groups of oscillators are observed to synchronize in a diverse variety of
systems, despite inevitable differences between oscillators. The history of synchroniza-
tion goes back to the 17th century. In 1673 the Dutch scientist Ch. Huygens observed
weak synchronization of two pendulum clocks [6]. Recently, the phenomenon of syn-
chronization of clocks hanging on a common movable beam [7] has been the subject
of research conducted by numerous authors [6,8,9,10,11,12,13,14,15,16,17,18]. These
studies explain the phenomenon of synchronization of a number of single pendula.
In our work we consider an interaction between two double pendula. One of the
first investigations on dynamics of the double pendulum can be found in the paper by
Rott [19], where an analytical investigation of the Hamiltonian system for different
ratios between natural frequencies of pendula is presented. The next results obtained
by Miles [20] show dynamics of the double pendulum under parametric excitation
around the 2 : 1 resonance. A mode interaction in the double pendulum, including a
detailed bifurcation analysis near two multiple bifurcation points and a transition to
quasi-periodic motion and chaos around the 2 : 1 parametric resonance, is presented
in [21,22,23]. Similarly as for 2 : 1, the 1 : 1 resonance leads to dynamics including
multiple bifurcation points, symmetry breaking and cascades of period doubling bifur-
cations [23]. Double pendula can be also considered as an example of many physical
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systems commonly met in engineering, e.g., a model of bridge-pedestrian interactions
[24], golf or hockey swing interactions with arms [25], human body [26] or trunk [27]
models.
In this paper we consider the synchronization of two self-excited double pendula.
The oscillations of each double pendulum are self-excited by the van der Pol type of
damping associated with the upper parts (upper pendula) of each double pendulum.
We show that two such double pendula hanging on the same beam can synchronize
both in phase and in anti-phase. We give an evidence that the observed synchronous
states are robust as they exist for a wide range of system parameters and are pre-
served for the parameter mismatch. The performed approximate analytical analysis
allows us to derive the synchronization conditions and explain the observed types of
synchronization. The energy balance in the system allows us to show how the energy
is transferred between the pendula via the oscillating beam.
This paper is organized as follows: Section 2 describes the considered model of the
coupled double pendula, in Section 3 we derive an energy balance of the synchronized
pendula, whereas Section 4 presents the results of our numerical simulations and
describes the observed synchronization states and their ranges of stability. Finally,
we summarize our results in Section 5.
2 Model
The analyzed system is shown in Fig. 1. It consists of a rigid beam and two double
pendula suspended on it. The beam of the mass M can move along the horizontal
direction, its movement is described by the coordinate xb.The beam is connected to
a linear spring and a linear damper, kx and cx.
M
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Fig. 1. Model of the system - two double pendula are mounted to the beam which can move
horizontally. Each double pendulum consists of an upper pendulum of the length li1 and the
mass mi1 and a lower pendulum of the length li2 and the mass mi2 (i = 1, 2). The upper
pendula are self-excited.
Each double pendulum consists of two light beams of the length li1 and the masses
mi1 (i-th upper pendulum) and the length li2 and mi2 (i-th lower pendulum), where
i = 1, 2, mounted at its ends. We consider double pendula with the same lengths
l11 = l21 = l12 = l22 = l but different masses mi1 and mi2 (to maintain generality in
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the derivation of equations, we use indexes for lengths of the pendula). The motion
of each double pendulum is described by the angles ϕi1 (upper pendulum) and ϕi2
(lower pendulum). The upper pendula are self-excited by the van der Pol type of
damping (not shown in Fig. 1) given by the momentum (torque) cvdpϕ˙1i(1 − µϕ
2
1i),
where cvdp and µ are constant. Van der Pol damping results in the generation of a
stable limit cycle [1]. The lower pendula are damped with a viscous damper with the
coefficient ci2. The equations of motion of the considered system are as follows:
(M +
∑2
i=1
∑2
j=1mij)x¨b +
∑2
i=1(mi1 +mi2)li1(ϕ¨i1 cosϕi1 − ϕ˙
2
i1 sinϕi1)+∑2
i=1mi2li2(ϕ¨i2 cosϕi2 − ϕ˙
2
i2 sinϕi2) + kxxb + cxx˙b = 0
(mi1 +mi2)li1x¨b cosϕi1 + (mi1 +mi2)l
2
i1ϕ¨i1 +mi2li1li2ϕ¨i2 cos(ϕi1 − ϕi2)+
mi2li1li2ϕ˙
2
i2 sin(ϕi1 − ϕi2) + (mi1 +mi2)li1g sin(ϕi1) + cvdp(1− µϕ
2
i1)ϕ˙i1 + ci2(ϕ˙i2 − ϕ˙i1) = 0
mi2li2x¨b cosϕi2 +mi2li1li2ϕ¨i1 cos(ϕi1 − ϕi2) +mi2l
2
i2ϕ¨i2
−mi2li1li2ϕ˙
2
i1 sin(ϕi1 − ϕi2) +mi2li2g sin(ϕi2)− ci2(ϕ˙i2 − ϕ˙i1) = 0.
(1)
Introducing the dimensionless time τ = ωt, where ω2 = g
l11
is the natural frequency
of the upper pendula, we can rewrite Eq. (1) in the dimensionless form as:
y¨b +
2∑
i=1
Ai1(ψ¨i1 cosψi1 − ψ˙
2
i1 sinψi1) +
2∑
i=1
Ai2(ψ¨i2 cosψi2 − ψ˙
2
i2 sinψi2)+ (2)
+Kyb +Cy˙b = 0
δi1y¨b cosψi1 + Li1ψ¨i1 + Li3ψ¨i2 cos(ψi1 − ψi2) = (3)
−Li3ψ˙
2
i2 sin(ψi1 − ψi2)−Gi1 sin(ψi1)−Cvdp(1− µψ
2
i1)ψ˙i1 −Ci2(ψ˙i2 − ψ˙i1)
δi2y¨b cosψi2 + Li3ψ¨i1 cos(ψi1 − ψi2) + Li2ψ¨i2 = (4)
Li3ψ˙
2
i1 sin(ψi1 − ψi2)−Gi2 sin(ψi2) +Ci2(ψ˙i2 − ψ˙i1)
where Ai1 =
(mi1+mi2)li1
Mlb
, Ai2 =
mi2li2
Mlb
, K = kx
Mω2
, C = cx
Mω
, δi1 =
(mi1+mi2)li1
Ml12
,
δi2 =
mi2li2
Ml12
, Li1 =
(mi1+mi2)l
2
i1
l12lbM
, Li2 =
mi2l
2
i2
l12lbM
, Li3 =
mi2li2li1
lbMl12
, Gi1 =
(mi1+mi2)li1g
l12ω2lbM
,
Gi2 =
mi2li2g
l12ω2lbM
, Cvdp =
cvdp
ωlbMl12
, Ci2 =
ci2
l12ωlbM
.
3 Analytical conditions for synchronization
3.1 Force with which the pendula act on the beam
In this section we derive an approximate analytical condition for the pendulum syn-
chronization in the considered system. Assuming that the double pendula are identical
and perform periodic oscillations with the frequency ω0 and low amplitudes, one can
describe displacements, velocities and accelerations of the upper and lower pendula
in the following way:
ψij = Φij sin(ω0τ + βij), (5)
ψ˙ij = ω0Φij cos(ω0τ + βij), (6)
ψ¨ij = −ω
2
0Φij sin(ω0τ + βij), (7)
where βij (i, j = 1, 2) are phase differences between the pendula.
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Equation (2) allows an estimation of the resultant force with which the pendula
act on the beam:
F = −
2∑
i=1
Ai1(ψ¨i1 cosψi1 − ψ˙
2
i1 sinψi1)−
2∑
i=1
Ai2(ψ¨i2 cosψi2 − ψ˙
2
i2 sinψi2). (8)
Substituting Eqs (5-7) into Eq. (8) and considering the relation cos2 α sinα = 0.25 sinα+
0.25 sin3α, one obtains:
F = A11[ω
2
0Φ11(1 + 0.25Φ
2
11) sin(ω0τ + β11) + ω
2
0Φ
3
110.25 sin(3ω0τ + 3β11)]
+A12[ω
2
0Φ12(1 + 0.25Φ
2
12) sin(ω0τ + β12) + ω
2
0Φ
3
120.25 sin(3ω0τ + 3β12)]
+A21[ω
2
0Φ21(1 + 0.25Φ
2
21) sin(ω0τ + β21) + ω
2
0Φ
3
210.25 sin(3ω0τ + 3β21)]
+A22[ω
2
0Φ22(1 + 0.25Φ
2
22) sin(ω0τ + β22) + ω
2
0Φ
3
220.25 sin(3ω0τ + 3β22)]. (9)
Equation (9) is the right-hand side of equation of the beam motion (2), hence we
have:
y¨b +Kyb + Cy˙b = F. (10)
Assuming that the damping coefficient C is small, one gets:
yb =
2∑
i=1
2∑
j=1
X1ijAij sin(ω0τ + βij) +
2∑
i=1
2∑
j=1
X3ijAij sin(3ω0τ + 3βij),
y¨b =
2∑
i=1
2∑
j=1
A1ijAij sin(ω0τ + βij) +
2∑
i=1
2∑
j=1
9A3ijAij sin(3ω0τ + 3βij), (11)
where:
X1ij =
ω20Φij(1 + 0.25Φ
2
ij)
K− ω20
, X3ij =
0.25ω20Φ
3
ij
K− 9ω20
,
A1ij =
−ω40Φij(1 + 0.25Φ
2
ij)
K− ω20
, A3ij =
−0.25ω40Φ
3
ij
K− 9ω20
. (12)
Equations (11) represent the displacement and the acceleration of the beam M , re-
spectively.
3.2 Energy balance of the system
Multiplying Eq. (2) by the velocity of the beam y˙b, we obtain:
y¨by˙b+Kyby˙b = −Cy˙
2
b−
2∑
i=1
Ai1(ψ¨i1y˙b cosψi1−ψ˙
2
i1y˙b sinψi1)−
2∑
i=1
Ai2(ψ¨i2y˙b cosψi2−ψ˙
2
i2y˙b sinψi2).
(13)
Assuming that the motion of the pendulum is periodic with the period T (T = 2pi/ω0)
and integrating Eq. (13), we obtain the following energy balance:
Tˆ
0
y¨by˙bdτ +
Tˆ
0
Kyby˙bdτ = −
Tˆ
0
Cy˙2bdτ −
Tˆ
0
2∑
j=1
(
2∑
i=1
Aij(ψ¨ij cosψij − ψ˙
2
ij sinψij)
)
y˙bdτ.
(14)
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The left-hand side of Eq. (14) represents an increase in the total energy of the beam
which for the periodic oscillations is equal to zero:
Tˆ
0
y¨by˙bdτ +
Tˆ
0
Kyby˙bdτ = 0. (15)
The first component of the right-hand side of Eq. (14) represents the energy dissipated
by the linear damper C:
WDAMPbeam =
Tˆ
0
Cy˙2bdτ, (16)
whereas the second component represents the work performed by horizontal compo-
nents of the force with which the double pendula act on the beam causing its motion:
WDRIV Ebeam = −
Tˆ
0
2∑
j=1
(
2∑
i=1
Aij(ψ¨ij cosψij − ψ˙
2
ij sinψij)
)
y˙bdτ. (17)
Substituting Eqs (16) and (17) into Eq. (14), we get:
WDRIV Ebeam −W
DAMP
beam = 0. (18)
Multiplying the equation of the upper pendulum (Eq. (3)) by the velocity ψ˙i1, we
obtain:
δi1y¨bψ˙i1 cosψi1 + Li1ψ¨i1ψ˙i1 + Li3ψ¨i2ψ˙i1 cos(ψi1 − ψi2) = −Li3ψ˙i1ψ˙
2
i2 sin(ψi1 − ψi2)
−Gi1ψ˙i1 sin(ψi1)−Cvdp(1− µψ
2
i1)ψ˙
2
i1 +Ci2(ψ˙i2 − ψ˙i1)ψ˙i1. (19)
Assuming that the oscillations of the pendula are periodic with the period T and
integrating Eq. (19), one obtains the following energy balance:
Tˆ
0
Li1ψ¨i1ψ˙i1dτ +
Tˆ
0
Gi1ψ˙i1 sinψi1dτ = −
Tˆ
0
δi1y¨bψ˙i1 cosψi1dτ
−
Tˆ
0
Li3(ψ˙i1ψ˙
2
i2 sin(ψi1 − ψi2) + ψ¨i2ψ˙i1 cos(ψi1 − ψi2))dτ−
Tˆ
0
Cvdpψ˙
2
i1dτ +
Tˆ
0
Cvdpµψ
2
i1ψ˙
2
i1dτ +
Tˆ
0
Ci2ψ˙i2ψ˙i1dτ −
Tˆ
0
Ci2ψ˙
2
i1dτ. (20)
The left side of Eq. (20) represents the total energy of the upper pendula, which in
the case of periodic oscillations is equal to zero:
Tˆ
0
Li1ψ¨i1ψ˙i1dτ +
Tˆ
0
Gi1ψ˙i1 sinψi1dτ = 0. (21)
The first component of the right side of Eq. (20) represents the energy which is
transferred to the beam:
WSY Ni1 =
Tˆ
0
δi1y¨bψ˙i1 cosψi1dτ. (22)
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The second component describes the energy which is transferred to the lower pendu-
lum:
WSY N Pi1 = −
Tˆ
0
Li3(ψ˙i1ψ˙
2
i2 sin(ψi1 − ψi2) + ψ¨i2ψ˙i1 cos(ψi1 − ψi2))dτ, (23)
and the third component describes the energy which is supplied to the system by the
van der Pol damper in one-period oscillations:
WDAMPi1 = −
Tˆ
0
(Cvdp +Ci2)ψ˙
2
i1 −Ci2ψ˙i2
˙ψi1dτ. (24)
Finally, the last component represents the energy dissipated by the van der Pol
damper:
WSELFi1 = −
ˆ T
0
µCvdpψ
2
i1ψ˙
2
i1dτ, (25)
Substituting Eqs (22 - 25) into Eq. (20), we obtain the following relation:
WSY N Pi1 −W
SY N
i1 +W
SELF
i1 +W
DAMP
i1 = 0,
Multiplying the equation of the lower pendulum (Eq. (4)) by the velocity ψ˙i2, one
gets:
δi2y¨bψ˙i2 cosψi2 + Li3ψ¨i1ψ˙i2 cos(ψi1 − ψi2) + Li2ψ˙i2ψ¨i2 = (26)
Li3ψ˙
2
i1ψ˙i2 sin(ψi1 − ψi2)−Gi2ψ˙i2 sin(ψi2)−Ci2(ψ˙i2 − ψ˙i1)ψ˙i2.
Assuming that the oscillations of the pendulum are periodic with the period T , the
integration of Eq. (26) gives the following energy balance:
Tˆ
0
Li2ψ˙i2ψ¨i2dτ +
Tˆ
0
Gi2ψ˙i2 sin(ψi2)dτ = −
Tˆ
0
βi2y¨bψ˙i2 cosψi2dτ− (27)
Tˆ
0
Li3(ψ˙
2
i1ψ˙i2 sin(ψi1 − ψi2)− ψ¨i1ψ˙i2 cos(ψi1 − ψi2))dτ −
Tˆ
0
Ci2ψ˙
2
i2dτ +
Tˆ
0
Ci2ψ˙i1ψ˙i2dτ.
The left side of Eq. (27) represents the total energy of the lower pendulum, which in
the case of periodic oscillations is equal to zero:
Tˆ
0
Li2ψ˙i2ψ¨i2dτ +
Tˆ
0
Gi2ψ˙i2 sin(ψi2)dτ = 0. (28)
The first component of the right side of Eq. (27) represents the energy which is
transferred to the beam via the upper pendulum or to the next pendulum via the
upper pendulum and the beam:
WSY Ni2 =
Tˆ
0
δi2y¨bψ˙i2 cosψi2dτ. (29)
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The second component describes the energy which is transferred to the upper pen-
dulum:
WSY N Pi2 = −
Tˆ
0
Li3(ψ˙
2
i1ψ˙i2 sin(ψi1 − ψi2)− ψ¨i1ψ˙i2 cos(ψi1 − ψi2))dτ. (30)
and the last component represents the energy dissipated by the damper:
WDAMPi2 = −
Tˆ
0
Ci2(ψ˙i2 − ˙ψi1) ˙ψi2dτ (31)
Substituting Eqs (29 - 31) into Eq. (27), one obtains the following relation:
WSY N Pi2 −W
SY N
i2 +W
DAMP
i2 = 0.
3.3 Energy transfer between the upper and lower pendula
The energy transferred from the upper to lower pendulum is given by:
WSY N Pi1 = −
Tˆ
0
Li3(ψ¨i2 cos(ψi1 − ψi2) + ψ˙
2
i2 sin(ψi1 − ψi2))ψ˙i1dτ, (32)
and the energy transferred from the lower to upper pendulum is:
WSY N Pi2 = −
Tˆ
0
Li3(ψ¨i1 cos(ψi1 − ψi2)− ψ˙
2
i1 sin(ψi1 − ψi2))ψ˙i2dτ. (33)
Taking into account Eqs (5 - 7), Eq. (33) takes the form:
WSY N Pi1 = −Li3
Tˆ
0
(−ω20Φi2 sin(ω0t+ βi2) cos(Φi1 sin(ω0t+ βi1)− Φi2 sin(ω0t+ βi2))
+ω20Φ
2
i2 cos
2(ω0t+ βi2) sin(Φi1 sin(ω0t+ βi1)− Φi2 sin(ω0t+ βi2)))ω0Φi1 cos(ω0t+ βi1)dτ
(34)
= Li3piω
2
0Φi1Φi2 sin(βi2 − βi1),
and
WSY N Pi2 = Li3piω
2
0Φi1Φi2 sin(βi1 − βi2) = −W
SYN P
i1 , (35)
The synchronization between the lower and upper pendula occurs when:
WSY N Pi1 = 0 ⇒ sin(βi1 − βi2) = 0. (36)
Condition (36) is fulfilled when:
βi1 = βi2 ∨ (βi1 = 0 ∧ βi2 = pi). (37)
In the first case, the oscillations of the upper and lower pendula are in-phase, i.e.,
the pendula move in the same directions, whereas in the second case they are in anti-
phase, i.e., the pendula move in the opposite directions. For low oscillations, limit
conditions (37) define two normal modes of oscillations [1].
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3.4 Synchronization of the double pendula
In each equation of the pendulum motion, there is a component influencing the beam
motion
MSYNij = δij y¨b cosψij , (38)
which is called the synchronization momentum (torque). The work done by this mo-
mentum during one period is equal to zero.
WSY Nij =
ˆ T
0
δij y¨b cosψij ψ˙ijdτ = 0. (39)
Substituting Eqs (5, 6) and (11) into (39) and performing the linearization, we arrive
at:
WSY N11 =
ˆ T
0
δ11

 2∑
i=1
2∑
j=1
A1ijAij sin(ω0t+ βij) +
2∑
i=1
2∑
j=1
A3ijAij sin(3ω0t+ 3βij)

ω0Φ11 cos(ω0t+ β11)dτ =
(40)
=δ11ω0piΦ11
2∑
i=1
2∑
j=1
A1ijAij sin(βij − β11) =
=ξδ11Φ11

 2∑
i=1
2∑
j=1
ΘijMij sin(βij − β11)

 = 0,
WSY N12 =ξδ12Φ12

 2∑
i=1
2∑
j=1
ΘijMij sin(βij − β12)

 = 0,
WSY N21 =ξδ21Φ21

 2∑
i=1
2∑
j=1
ΘijMij sin(βij − β21)

 = 0,
WSY N22 =ξδ22Φ22

 2∑
i=1
2∑
j=1
ΘijMij sin(βij − β22)

 = 0,
where:
ξ =
−ω50pi
Mlb(K− ω20)
, Mi1 = (mi1 +mi2)li1, Mi2 = mi2li2, Θij = Φij(1 + 0.25Φ
2
ij).
(41)
Equations (40) allow the calculation of the phase angles βij for which the synchro-
nization of periodic oscillations of the pendula occurs. The synchronization occurs
when the following equations are fulfilled:
Θ12M12 sin(β12 − β11) +Θ21M21 sin(β21 − β11) +Θ22M22 sin(β22 − β11) = 0,
Θ11M11 sin(β11 − β12) +Θ21M21 sin(β21 − β12) +Θ22M22 sin(β22 − β12) = 0,
Θ11M11 sin(β11 − β21) +Θ12M12 sin(β12 − β21) +Θ22M22 sin(β22 − β21) = 0,
Θ11M11 sin(β11 − β22) +Θ12M12 sin(β12 − β22) +Θ21M21 sin(β21 − β22) = 0.
(42)
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Fig. 2. Synchronous states of the system (1): (a) upper and lower pendula in phase: ψ11 =
ψ21 and ψ12 = ψ22, (b) upper pendula in phase, lower pendula in anti-phase: ψ11 = ψ21 and
ψ12 = −ψ22, (c) upper and lower pendula in anti-phase: ψ11 = −ψ21 and ψ12 = −ψ22 (d)
upper pendula in anti-phase, lower pendula in phase: ψ11 = −ψ21 and ψ12 = ψ22.
Equations (42) are fulfilled for βij , which are combinations of 0 and pi. Assum-
ing that β11 = 0, one can identify the following pendulum configurations which are
presented in Fig. 2(a-d). The first type is the configuration shown in Fig. 2(a). Both
the upper and lower pendula are phase synchronized, i.e., ψ11 = ψ21 and ψ12 = ψ22
(β11 = β12 = β21 = β22 = 0 or β11 = β21 = 0, β12 = β22 = pi). The upper and lower
pendula are synchronized in phase and anti-phase, respectively, i.e., ψ11 = ψ21 and
ψ12 = −ψ22 in the configuration from Fig. 2(b) (β11 = β12 = β21 = 0, β22 = pi or
β11 = β12 = β22 = 0, β21 = pi). Figure 2(c) presents the case when both the upper
and lower pendula are synchronized in anti-phase, i.e., ψ11 = −ψ21 and ψ12 = −ψ22
(β11 = β12 = 0, β21 = β22 = pi or β11 = β22 = 0, β12 = β21 = pi). Finally, in Fig. 2(d),
we present the case when the upper pendula are in anti-phase and the lower pendula
are in phase ψ11 = −ψ21 and ψ12 = ψ22 (β11 = β12 = β22 = 0, β21 = pi or β11 = 0,
β21 = β12 = β22 = pi).
4 Numerical investigations
In our numerical calculations, we use the Auto 07p [29] continuation toolbox to obtain
periodic solutions. To start path-following, we integrate Eqs (2-4) with the fourth-
order Runge-Kutta method. We consider the following parameter values: m11 =
m12 = m21 = m22 = 1.0 [kg], M = 10.0 [kg], l11 = l12 = l21 = l22 = 0.2485 [m],
kx = 4.0 [N/m], cx = 1.53 [Ns/m], cvdp = −0.1 [Ns/m], µ = 60.0 [m
−2], ci2 =
0.0016 [Ns/m], which yield the following dimensionless coefficients Ai1 = 0.0354986,
Ai2 = 0.01774933, δi1 = 0.142857, δi2 = 0.0714286, Li1 = 0.035986, Li2 = 0.0177493,
Li3 = 0.0177493, Gi1 = 0.0354986, Gi2 = 0.0177493, Cvdp = −0.00457491, Ci2 =
0.0000714286, C = 0.0173934, K = 0.00723723. Our bifurcation parameters are
masses of the pendula and the beam. To hold an intuitive physical interpretation,
we change dimensional masses, but all the calculation are performed for dimension-
less equations.
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4.1 Periodic solutions to the pendula with identical masses
Depending on the initial conditions, we observe four different synchronous states of
system (2-4) as shown in Fig. 3(a-d). The in-phase motion is represented by two
periodic solutions: the first type is characterized by a lack of phase differences in
the pendulum angular positions: β11 = β21 = β12 = β22 (see Fig. 3(a)), whereas the
second one - by a phase difference between the upper and lower pendula in each double
pendulum: β11 = β21, β12 = β22 and βi1 − βi2 = pi, i = 1, 2 (see Fig. 3(b)). In both
cases, the displacements of the upper and lower pendula of each double pendulum are
identical, i.e., ψ11 = ψ21, ψ12 = ψ22. The beam motion is in anti-phase to the upper
pendula and in-phase (Fig. 3(a)) or anti-phase (Fig. 3(b)) to the lower ones. These two
configurations correspond to the analytically predicted synchronous state presented in
Fig. 2(a). The second type, the anti-phase motion, for which the beam is not moving,
is shown in Fig. 3(c,d). We can also distinguish two types of this periodic solution,
both characterized by the following phase differences of the pendulum displacements:
β11 − β21 = pi and β12 − β22 = pi, but different phase shifts between the pendula in
each double pendulum: βi1−βi2 = pi, i = 1, 2 (see Fig. 3(c)) and βi1−βi2 = 0, i = 1, 2
(see Fig. 3(d)). The beamM is at rest, because reaction forces acting on the beam are
vanishing. These pendulum configurations correspond to the theoretically predicted
synchronous state presented in Fig. 2(c). Note that for this type of the synchronous
state, amplitudes of pendulum oscillations can be estimated analytically. Substituting
β11 = β12 = 0 and β21 = β22 = pi in Eqs (42), one can derive an analytical formula
for amplitudes of pendulum oscillations. The amplitudes of the upper pendula can be
approximated by:
Φ11 = Φ21 = 2
√
1
µ
. (43)
The approximate values of the amplitudes of oscillations of the lower pendula can be
calculated from the following condition:
1
4
ω0pi(4Ci2(Φ
2
i1 + Φ
2
i2) + CvdpΦ
2
i1(4 − µΦ
2
i1)− 8Ci2Φi1Φi2 cos(βi1 − βi2)+ (44)
Φi1Φi2(Φ
2
i2 − Φ
2
i1)Li3ω0 sin(βi1 − βi2)) = 0
For i = 1, 2, formulae (43) and (44) give good approximation of the numerical values,
e.g., for the parameter values in Fig. 3(c,d), the analytically calculated amplitudes
of the upper and lower pendula are Φ11 = Φ21 = 0.2581 and Φ12 = Φ22 = 0.4244,
respectively, whereas the numerical values are Φ11 = Φ21 = 0.2522 and Φ12 = Φ22 =
0.3536 for Fig. 3(c) and Φ12 = Φ22 = 0.2579 and Φ12 = Φ22 = 0.3732 for Fig. 3(d). In
Fig. 3(a,d), one can see that the pendula do not pass through zero (the hanging down
position) at the same moment of time, whereas in Fig. 3(b,c) the pendula cross this
position simultaneously. The phase shift is observed only when the lower and upper
pendula in each double pendulum are oscillating in-phase with non-zero damping
between them.
We do not observe the configurations shown in Fig. 2(b,d) because each of the double
pendulum has to reach different normal modes of oscillations for the same frequency
for both of them. This is proven to be impossible in the low oscillation approximation
[1] (the angular positions have to be much higher than the one considered in this
paper).
The periodic solutions presented in Fig. 3(a,b,d) are stable, whereas the one from
Fig. 3(c) is unstable. To show how a change in the natural frequency of the beam
affects the stability of the periodic solutions obtained, we calculate one-parameter
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Fig. 3. Pendulum and beam displacements for one period of motion (N = 1) for four different
periodic solutions in the case of identical masses of the pendula: m11 = m12 = m21 = m22 =
1.0 [kg]. The displacement yb of the beam M is shown 10 times magnified. (a) pendulum
configuration from Fig. 2(a) with the period T = 7.233, (b) pendulum configuration from
Fig. 2(a) with the period T = 3.362, (c) pendulum configuration from Fig. 2(c) with the
period T = 3.748, and (d) pendulum configuration from Fig. 2(c) with the period T = 8.266.
bifurcation diagrams. We choose the beam mass M as the bifurcation parameter and
vary it in the range from 0.01 [kg] to 20.0 [kg]. In the case of two solutions: one
in-phase (Fig. 3(b)) and one anti-phase (Fig. 3(d)), we do not observe any desta-
bilization of periodic solutions. For the two others, we present bifurcation diagrams
showing the maximum amplitudes of the beam oscillation max yb on the vertical
axes. The black and gray colors of branches correspond to stable and unstable peri-
odic solutions. For the branch presented in Fig. 4(a), we start a continuation from
the in-phase periodic solution shown in Fig. 3(a). Originally, the stable periodic orbit
becomes unstable with a decreasing beam mass M in the Neimark-Sacker bifurca-
tion for M = 3.88 [kg]. The Neimark-Sacker bifurcation point corresponds also to
the maximum amplitude of the beam. In Fig. 4(b), we show a continuation of the
anti-phase oscillations of the pendula (Fig. 3(c)). The stabilization of this type of the
periodic solution occurs in the supercritical pitchfork bifurcation (two new branches
12 Will be inserted by the editor
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Fig. 4. One-parameter path-following of periodic solutions for the varying mass M of the
beam: (a) in-phase motion from Fig. 3(a) and (b) anti-phase motion from Fig. 3(c). The
black and gray lines correspond to stable and unstable periodic solutions, respectively. The
abbreviation NS stands for the Neimark-Sacker bifurcation and PT denotes the pitchfork
bifurcation. Bifurcations along unstable branches are neglected. The starting points of con-
tinuation are marked by black dots.
emerge) for M = 1.737 [kg]. In the symmetric anti-phase motion, the beam is at rest
and the maximum amplitudes of the pendula remain the same. For the asymmetric
periodic solutions along two overlapping branches, the beam is oscillating with a low
amplitude and we observe a difference between amplitudes of the pendula. The asym-
metric motion destabilizes with an increase in the beam mass M in Neimark-Sacker
bifurcations for M = 2.06 [kg].
4.2 Periodic solutions of the pendula with different masses - exploring symmetry
In this subsection, we investigate the stability of symmetric motion of the pendula
from Fig. 3(c,d), which corresponds to anti-phase synchronization states. We decrease
the masses m12 and m22 of the lower pendula in the range (0.0, 1.0] [kg]. We choose
masses of the lower pendula as the bifurcation parameter because we want to avoid a
situation where the lightweight upper pendula excite the much heavier lower pendula.
In Fig. 5(a,b) we present bifurcation diagrams, i.e., the maximum amplitudes of
the beam (a) and the second upper pendulum (b) for decreasing masses of the lower
pendula. As an initial state, we take the anti-phase periodic solution for which all pen-
dula have identical masses (see Fig. 3(d)). For m12 = m22 = 0.108 [kg], the symmetry
is broken in the subcritical pitchfork bifurcation. We observe an appearance of two un-
stable branches which stabilize in saddle-node bifurcations form12 = m22 = 0.107[kg],
a further loss of stability occurs in the supercritical Neimark-Sacker bifurcations for
m12 = m22 = 0.105 [kg], hence two stable quasi-periodic solutions appear. This
scenario is observed only when the system has symmetry. The bifurcation diagram
for a system without symmetry (m11 = 1.0 [kg] and m12 = 0.99 [kg]) is shown in
Fig. 5(c,d). We present the maximum amplitudes of the upper pendula in the range
mi2 ∈ (0.0, 0.15] [kg] (for mi2 ∈ (0.15, 1.0] [kg], solutions are stable). As can be easily
predicted, the pitchfork bifurcation is no more present and we observe two discon-
nected branches of periodic solutions (the imperfect pitchfork bifurcation). As one
can see, the maximum amplitudes of the lower pendula start to diverge close to the
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Fig. 5. In (a,b) we show one-parameter path-following of the anti-phase synchronous mo-
tion starting from the periodic solution shown in Fig. 3(d). The changes in the maximum
amplitude of the beam max yb (a) and the second upper pendulum max ψ12 (b) are shown
for decreasing masses of the lower pendula mi2 = (0.0, 1.0] [kg] (i = 1, 2), whereas the
upper pendula have masses equal to 1.0 [kg]. In (c,d) the same calculations are performed
for asymmetrical masses of the upper pendula (m11 = 1.0 [kg] , m21 = 0.99 [kg]) in the range
mi2 ∈ (0.0, 0.15) [kg] (i = 1, 2), for mi2 ∈ (0.15, 1.0) [kg] (i = 1, 2), solutions are stable. The
black and gray lines correspond to stable and unstable periodic solutions, respectively. The
abbreviations correspond to: PT - pitchfork bifurcation, NS - Neimark-Saker bifurcation,
and SN - saddle-node bifurcation. Bifurcations along unstable branches are neglected.
destabilization and the second lower pendulum has nearly twice a higher amplitude
than the first one in the Neimark-Saker bifurcation point (m12 = m22 = 0.103 [kg]).
Close to the Neimark-Saker bifurcation located on the main branch, one can ob-
serve an appearance of the second branch which starts and disappears in saddle-
node bifurcations. The stable part of this branch is bounded by the saddle-node
(m12 = m22 = 0.1019 [kg]) and the Neimark-Sacker (m12 = m22 = 0.1047 [kg]) bifur-
cations and there is a similar difference in amplitudes between the lower and upper
pendula as for the main branch. The stability range of this separated branch in the
two-parameter space is studied in the next subsection.
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Fig. 6. One-parameter path-following of the anti-phase synchronous periodic solutions from
Fig. 3(c). A change in the maximum amplitude of the beam max yb (a) and the sec-
ond upper pendulum max ψ12 (b) is shown for decreasing masses of the lower pendula
mi2 =∈ (0.0, 1.0] [kg] (i = 1, 2), whereas the upper pendula have masses equal to 1.0 [kg].
The black and gray lines correspond to stable and unstable periodic solutions, respectively.
The abbreviation PT corresponds to the pitchfork bifurcation. Bifurcations along unstable
branches are neglected.
The same analysis is performed for the periodic solution shown in Fig. 3(c), which
is originally unstable. In Fig. 6(a) one can see that the maximum amplitude of the
beam max yb with decreasing masses of the lower pendula m12 and m22 remains
zero (symmetry is maintained) in the whole range under consideration. For m12 =
m22 = 0.05 [kg], we observe the subcritical pitchfork bifurcation, where symmetric
solutions stabilize and stay stable nearly to m12 = m22 ≈ 0.0 [kg]. The second branch
corresponds to the asymmetric unstable periodic motion with low oscillations of the
beam. All branches coming from the pitchfork bifurcation can be seen in Fig. 6(b),
where we show the maximum amplitude of the second upper pendulum max ψ12.
To have a general overview, we increase the masses m12 and m22 but the stability
properties do not change, hence the periodic solutions along all branches stay unstable.
4.3 Ranges of stability of synchronous solutions in the two-parameter space
In this subsection, we show how asymmetric changes of pendulum masses influence
the stability of the previously present periodic solutions. In all cases we start with
the pendulum configuration obtained for the identical double pendula (configurations
from Fig. 3(a-d)). We change the mass of the second upper pendulumm21 (in different
intervals for each periodic solutions) and the masses of the lower pendula m12 = m22
in the interval (0.0, 1] [kg]. Our calculations are presented on the two-dimensional
bifurcation diagrams (masses of the lower pendula m12 = m22 versus the mass of the
second upper pendulum m21).
In Fig. 7(a) we show stability ranges of the configuration presented in Fig. 3(d).
The solution is bounded by the Neimark-Sacker bifurcation, hence we observe an
appearance of the quasi-periodic motion outside this range. The bifurcation scenario
which occurs form21 = 1.0[kg] is different from the other ones because of the presence
of symmetry. The stability at the bottom is lost not via the Neimark-Sacker but
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Fig. 7. In (a) two-parameter continuation of the anti-phase synchronization periodic solution
(the beam is at rest - see Fig. 3(d)) for the masses m21 and mi2 ∈ (0.0, 1.0][kg]. The observed
stable periodic solutions destabilize thought the Neimark-Sacker bifurcations. When the
system is symmetric (m21 = 1.0 [kg]), the Neimark-Sacker bifurcation is interchanged by the
pitchfork bifurcation. In (b) two-parameter plot for the masses m21 and mi2 ∈ (0.0, 1.0] [kg]
of the disconnected branch (see Fig. 5(c,d)). Stable periodic solutions destabilize through
the Neimark-Sacker (continuous line) and saddle-node (dashed line) bifurcations. The gray
shaded area corresponds to the existence of stable periodic solutions, whereas the white one
to the unstable solution.
through the pitchfork bifurcation. When the symmetry is broken (m21 6= 1.0[kg]), the
pitchfork bifurcation in no more present but there exists a disconnected stable range
of periodic solutions (coming from the ’second’ branch - see Fig. 5(c,d)). The area of
existence of these asymmetric period solutions is presented in Fig. 7(b). As shown in
Fig. 5(c,d), the stable range is bounded by the Neimark-Sacker bifurcation (from the
bottom) and the saddle-node bifurcation line from the top. This area is small and
when the difference of masses of the upper pendula (m11 and m21) becomes larger
than a few percent, it disappears.
One can distinguish two types of the in-phase motion: the first one where all pen-
dula are in-phase (Fig. 3(a)) and the second one where the upper and lower pendula
are in-phase but in anti-phase to each other (Fig. 3(b)). To investigate the first type
of motion, we follow the periodic solution in the two-parameter space (similarly as
for the anti-phase motion). The results of calculations are presented in Fig. 8(a,b).
As can be easily seen, the stable area is much larger than in the previous case. So-
lutions destabilize similarly in the Neimark-Sacker bifurcations, which results in an
appearance of the quasi-periodic motion. For a decreasing mass m21, we observe a
rapid jump around m21 = 0.5 [kg] from mi2 ≈ 0.08 [kg] to mi2 ≈ 0.7 [kg], for an in-
crease in m21, the bound of bifurcation grows nearly linearly reaching mi2 = 1.0 [kg]
for m21 = 4.6 [kg]. The zoom of the majority of the left part is presented in 8(b),
where one can see that the Neimark-Sacker bifurcation line has a complex struc-
ture. The gap for mi2 corresponds to an appearance of the quasi-periodic motion in
the Neimark-Sacker bifurcation and its disappearance in the inverse Neimark-Sacker
bifurcation.
In Fig. 8(c) we present a one-parameter plot which shows a connection between
the unstable anti-phase solution (Fig. 3(c)) and the stable in-phase solution (Fig.
3(b)). The starting solution is the unstable one (m21 = 1.0 [kg] and max yb = 0.0)
with an increasing mass, we do not observe changes in stability - the unstable branch
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Fig. 8. In (a,b) two-parameter continuation of the in-phase synchronization periodic so-
lution (the beam is in the anti-phase state to all pendula) for the masses m21 and
mi2 ∈ (0.0, 1.0] [kg]. The observed stable periodic solutions destabilize through the Neimark-
Sacker bifurcation. In (c) one-parameter (m21) plot which shows the connection between the
unstable anti-phase solution (Fig. 3(c)) and the stable in-phase solution (Fig. 3(b)), where
the gray and black lines correspond to stable and unstable periodic solutions. Then, in (d)
two-parameter plot for the masses m21 and mi2 ∈ (0.0, 1.0] [kg]. Stable periodic solutions
destabilize through the Neimark-Sacker (continuous line) and saddle-node (dashed line) bi-
furcations. The gray shaded area corresponds to the existence of stable periodic solutions,
whereas the white one to the unstable solution.
turns around and reaches m12 ≈ 0.0 [kg]. Following the second direction results in
a change of stability in the saddle-node bifurcation (m21 = 0.837 [kg]) and then
destabilization in the Neimark-Sacker bifurcation (m21 = 1.38[kg]). Form21 = 1.0[kg],
the stable solution corresponds to the solution presented in Fig. 3(b). Next, we follow
the bifurcation which bounds the stable branch in the two-parameter space (m21 and
mi2), which is shown in Fig. 8(d). The stable range stays narrow up to mi2 ≈ 0.3 [kg]
where the Neimark-Sacker bifurcation line changes the direction and starts to go up.
When the mass of the upper pendulum is large enough (m21 > 11.0 [kg]), we once
again can observe a stable solution for mi2 = 1.0 [kg]. From the left-hand side, as has
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been mentioned before, the stable area is bounded by the saddle-node bifurcation line
and is nearly a constant line around m21 = 0.84 [kg].
5 Conclusions
Our studies show that two self-excited double pendula with the van der Pol type of
damping, hanging from the horizontally movable beam, can synchronize. For identi-
cal pendula, four different synchronous configurations are possible (in-phase or anti-
phase), but not all of them are stable for the given parameters of the beam. When the
pendula are nonidentical, i.e., have different masses, we observe synchronous states
for which the phase difference between the pendula is close to 0 or pi for a small
parameter mismatch. With an increase in this difference, we observe a stable solution
with phase shifts between 0 and pi. They finally destabilize in the Neimark-Sacker
saddle-node bifurcations, which results in an appearance of unsynchronized quasi-
periodic oscillations or a jump to another attractor. Similar synchronous states have
been observed experimentally in [28] but a special controlling procedure has been
applied to stabilize them.
The observed behavior of system (1) can be explained by the energy expressions
derived in Section 3, which also show why other synchronous states are not possible.
We prove that the observed behavior of the system is robust as it occurs in a wide
range of system parameters.
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